Theoretical studying the Rydberg autoionization resonances in spectra of the lanthanides atoms (ytterbium) is carried out within the relativistic many-body perturbation theory and generalized relativistic energy approach (Gell-Mann and Low S-matrix formalism). The zeroth approximation of the relativistic perturbation theory is provided by the optimized DiracFock and Dirac-Kohn-Sham ones. Optimization has been fulfilled by means of introduction of the parameter to the Fock and Kohn-Sham exchange potentials and further minimization of the gauge-non-invariant contributions into radiation width of atomic levels with using relativistic orbital bases, generated by the corresponding zeroth approximation Hamiltonians. 
Introduction
This paper goes on our work on theoretical studying spectra and spectroscopic parameters for heavy atoms, namely, lanthanides atoms (see, for example ). Let us remind that an investigation of spectra, optical and spectral, radiative and autoionization characteristics for heavy elements atoms and multicharged ions is traditionally of a great interest for further development quantum atomic optics and atomic spectroscopy and different applications in plasma chemistry, astrophysics, laser physics etc. (see Refs. [1-10]).
Different atomic spectroscopy methods have been used in studying radiative and autoionization characteristics of atomic systems. The well known classical multi-configuration Hartree-Fock method allowed to get a great number of the useful spectral information about light and not heavy atomic systems. The multi-configuration Dirac-Fock method is the most reliable version of calculation for multielectron systems with a large nuclear charge. In these calculations the one-and two-particle relativistic and important exchange-correlation corrections are taken into account (see Refs.
[1] and Refs. therein). However, one should remember about very complicated structure of spectra of the lanthanides atoms and necessity of correct accounting the different correlation effects such as polarization interaction of the valent quasiparticles and their mutual screening, iterations of a mass operator etc.).The known method of the model relativistic many-body perturbation theory has been earlier effectively applied to computing spectra of low-lying states for some lanthanides atoms too [2,3] (see also [2] [3] [4] [5] [6] ). We use an analogous version of the perturbation theory (PT) to study the Rydberg states characteristics, however, the zeroth approximation is generated by the Dirac-Fock model. In Refs. [7] [8] [9] [10] the similar version of the perturbation theory has been used with using the Dirac-Kohn-Sham zeroth approximation. This method is actively used in solving many tasks of quantum, atomic and nuclear physics . Here we present the results of computing the Rydberg Yb 4f 13 [22, 23] . All calculations are performed with using Superatom package (see for example, 2-24]).
Advanced relativistic many-body perturbation theory and energy approach
As the method of computing is earlier presented in details, here we are limited only by the key topics. A model relativistic energy approach in a case of the multielectron atom has been proposed by Ivanov-Ivanova et al [2-4] and its generalized gauge-invariant version is developed in Refs.
[5,6,11,2]. The approach is based on the GellMann and Low S-matrix formalism and the relativistic many-body PT with using the optimized one-quasiparticle representation and an accurate account of the relativistic and exchange-correlation effects. In the relativistic case the Gell-Mann and Low formula expressed an energy shift DΕ through the QED scattering matrix including the interaction with as the photon vacuum field as the laser field . The wave function zeroth basis is found from the Dirac equation with a potential, which includes ab initio optimized model (Ivanov-Ivanova type [6]) potential or DF potentials, the electric potential of a nucleus (the Gaussian form of the charge distribution in a nucleus is usually used by us) [4] . The correlation corrections of the PT second and higher orders are taken into account by means of using the polarization and screening potentials (from Refs. [10] [11] [12] [13] [14] [15] [16] ).
Generally speaking, the majority of complex atomic systems possess a dense energy spectrum of interacting states with essentially relativistic properties. In the theory of the non-relativistic atom a convenient field procedure is known for calculating the energy shifts DΕ of degenerate states. This procedure is connected with the secular matrix M diagonalization [2, 11, 12] . In constructing M, the Gell-Mann and Low adiabatic formula for DΕ is used. In contrast to the nonrelativistic case, the secular matrix elements are already complex in the second order of the electrodynamical PT (first order of the interelectron interaction). Their imaginary part of DΕ is connected with the radiation decay (radiation) possibility. In this approach, the whole calculation of the energies and decay probabilities of a non-degenerate excited state is reduced to the calculation and diagonalization of the complex matrix M. In the papers of different authors, the Re E D calculation procedure has been generalized for the case of nearly degenerate states, whose levels form a more or less compact group. One of these variants has been previously [7] [8] [9] [10] [11] [12] introduced: for a system with a dense energy spectrum, a group of nearly degenerate states is extracted and their matrix M is calculated and diagonalized. If the states are well separated in energy, the matrix M reduces to one term, equal to E D . The non-relativistic secular matrix elements are expanded in a PT series for the interelectron interaction. The complex secular matrix M is represented in the form [3,4,11]:
where
M is the contribution of the vacuum diagrams of all order of PT, and
those of the one-, two-and three-quasiparticle diagrams respectively.
M is a real matrix, proportional to the unit matrix. It determines only the general level shift. We have assumed
M can be presented as a sum of the independent one-quasiparticle contributions. For simple systems (such as alkali atoms and ions) the one-quasiparticle energies can be taken from the experiment. Substituting these quantities into (1) one could have summarized all the contributions of the one -quasiparticle diagrams of all orders of the formally exact QED PT. However, the necessary experimental quantities are not often available. The first two order corrections to
Re M have been analyzed previously [4] using Feynman diagrams [11] . The contributions of the first-order diagrams have been completely calculated. In the second order, there are two kinds of diagrams: polarization and ladder ones. The polarization diagrams take into account the quasiparticle interaction through the polarizable core, and the ladder diagrams account for the immediate quasiparticle interaction [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . Some of the ladder diagram contributions as well as some of the three-quasiparticle diagram contributions in all PT orders have the same angular symmetry as the two-quasiparticle diagram contributions of the first order. These contributions have been summarized by a modification of the central potential, which must now include the screening (anti-screening) of the core potential of each particle by the two others. The additional potential modifies the one-quasiparticle orbitals and energies. Then the secular matrix is as follows: Let us remind that in the QED theory, the photon propagator D(12) plays the role of this interaction. Naturally the analytical form of D (12) depends on the gauge, in which the electrodynamical potentials are written. Interelectron interaction operator with accounting for the Breit interaction has been taken as follows:
where, as usually, α i are the Dirac matrices. In general, the results of all approximate calculations depended on the gauge. Naturally the correct result must be gauge-invariant. The gauge dependence of the amplitudes of the photo processes in the approximate calculations is a well known fact and is in details investigated by Grant, Armstrong, Aymar and Luc-Koenig, GlushkovIvanov et al (see [11] and numerous Refs. therein). Grant has investigated the gauge connection with the limiting non-relativistic form of the transition operator and has formulated the conditions for approximate functions of the states, in which the amplitudes of the photo processes are gauge invariant [1]. These results remain true in the energy approach because the final formulae for the probabilities coincide in both approaches. Glushkov-Ivanov have developed a new relativistic gauge-conserved version of the energy approach [6] . Here we applied this approach for generating the optimized relativistic orbitals basis in the zeroth approximation of the many-body PT [7] [8] [9] [10] . Optimization has been fulfilled by means of introduction of the parameter to the Fock and KohnSham exchange potentials and further minimization of the gauge-non-invariant contributions into radiation width of atomic levels with using relativistic orbital bases, generated by the corresponding zeroth approximation Hamiltonians. Below we will be interested by studying the spectra of the autoionization resonances in the ytterbium atom and calculating their energies and widths. The excited states of the ytterbium atom can be treated as the states with two-quasiparticles above the electron core [Xe]4f 14 . Within the standard energy approach [8] [9] [10] [11] 11] ). Determination of the radiation decay probabilities (oscillator strengths) results to calculating the imaginary matrix elements of the interaction (3). The calculation of radial integrals ReR l (1243) is reduced to the solution of a system of differential equations according to the Ivanova-Ivanov method [26] . The system of differential equations includes also equations for functions f/r |ae|-1 , g/r |ae|-1 ,
Z . The formulas for the autoionization decay probability include the radial integrals R a (akgb), where one of the functions describes electron in the continuum state. The correctly normalized function should have the following regular asymptotic at r→0 (look details in Refs. [13] [14] [15] [16] [17] [18] [19] ). Other details can be found in Refs. [6] [7] [8] [9] [10] [11] [13] [14] [15] [16] [17] [18] [19] .
Some illustration results and conclusion
In [5] , the attention is drawn to the smallness of the resonance widths, the cause of which in the literature is not clear. In potential modifies the one-quasiparticle orbitals and energies. Then the secular matrix is as follows: 
where, as usually, α i are the Dirac matrices.
In general, the results of all approximate calculations depended on the gauge. Naturally the correct result must be gaugeinvariant. The gauge dependence of the amplitudes of the photo processes in the approximate calculations is a well known fact and is in details investigated by Grant, Armstrong, Aymar and Luc-Koenig, Glushkov-Ivanov et al (see [11] and numerous Refs. therein). Grant has investigated the gauge connection with the limiting non-relativistic form of the transition zeroth approximation of the many-body PT [7] [8] [9] [10] . Optimization has been fulfilled by means of introduction of the parameter to the Fock and Kohn-Sham exchange potentials and further minimization of the gauge-noninvariant contributions into radiation width of atomic levels with using relativistic orbital bases, generated by the corresponding zeroth approximation Hamiltonians. Below we will be interested by studying the spectra of the autoionization resonances in the ytterbium atom and calculating their energies and widths. The excited states of the ytterbium atom can be treated as the states with twoquasiparticles above the electron core [Xe]4f 14 .
Within the standard energy approach [8-11] the autoionization width is determined by the square of an electron interaction (3) matrix element. The real part of the electron interaction matrix element is determined using expansion in terms of Bessel functions [17] [18] [19] 26] ; the Coulomb part Qul λ Q is expressed in terms of the standard radial integrals and angular coefficients. The Breit part of Q is defined in the similar way as above, but the contribution of our interest is a real part. The Breit interaction is known to change considerably the autoionization decay dynamics in some cases (see, for example, Refs. [3, 11] ). Determination of the radiation decay probabilities (oscillator strengths) results to calculating the imaginary matrix elements of the interaction (3). The calculation of radial integrals ReR λ (1243) is reduced to the solution of a system of differential equations according to the Ivanova-Ivanov method [26] . The system of differential equations includes also equations for functions f/r |ae|-1 , our opinion, it is related to the complex energetic structure of the 4f-shell atoms, as a result of causing several unusual physics of autoionization resonances and their decay mechanisms, especially in comparison with the conventional standards spectroscopy (for He, inert gases, alkali atoms) It is important to note that the both perturbation theory versions with the Dirac-Fock and Dirac-Kohn-Sham zeroth approximations provide a physically reasonable agreement with experiment, however, more exact data are provided by the optimized Dirac-Fock-like theory. 
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